In this work a family of tension trigonometric curves analogous to those of cubic Bézier curves is presented. Some properties of the proposed curves are discussed. We propose an efficient interpolating method based on the tension trigonometric splines with various properties, such as partition of unity, geometric invariance and convex hull property, etc. This new interpolating method is applied to construct curves and surfaces. Moreover, one can adjust the shape of the constructed curves and surfaces locally by changing the tension parameter, the latter is included mainly because of its importance for object visualization. To illustrate the performance and the practical value of this model as well as its accuracy and efficiency, we present some modeling examples.
Introduction
Let P 1 , . . . , P N be an ordered set of points in the plane and suppose that B 1 , . . . , B N is a set of functions defined on the unit interval I := [0, 1] with the following properties:
Then
is the parametric representation of a curve which lies in the convex hull of the points P 1 , . . . , P N . These points are called the control points and the associated polygon C N formed by connecting the points with straight lines is called the control polygon. In general, curve (3) does not pass through the control points, it just approximates the shape of the control polygon determined by these points. Designers need a curve representation that is directly related to the control points and is flexible enough to bend, twist or change the curve shape by changing one or more control points. For these reasons, Bézier curves arepowerful tools for constructing curves with free form. But the most popular curves in engineering applications, such as arcs, helix, cycloid and cones, etc., are only approximated by polynomial curves. To avoid their shortcomings many bases are presented using trigonometric functions or the blending of polynomial and trigonometric functions in [1, 8, 9, 11, 12, 15, 16] . The idea of utilizing normalized trigonometric basis that form a partition of unity to construct shape-preserving curves has been suggested by Pena [9] . It proves that a curve in trigonometric form is the linear combination of its control points and certain Bernstein-like trigonometric functions, which form a normalized totally positive B-basis of the space C m = {1, cos(t), . . . , cos(mt)}, with optimal shape preserving properties. This representation have no shape parameters; hence the shape of the curves or surfaces cannot be modified when their control points are determined. In order to improve the shape of a curve and adjust the extent where a curve approaches its control polygon, we included the tension parameter which is mainly important for object visualization. More recently, Lamnii et al. in [3] , have presented the quartic trigonometric polynomial blending functions where they have included the tension parameter β, which is mainly important for object visualization. In [6] , Lamnii and Oumellal have constructed the Trigonometric Bzier curves whith n = 5 followed by a construction of the shape preserving interpolation spline curves with local shape parameters. In this work we propose to generalize this technique for n = 4k − 1 and n = 4k + 1, k ≥ 1, more precisely, the basic idea of this method is to incorporate the parameter β into the B-basis functions of C m , where the parameter β can adjust the shape of the curves without changing the control points. As an application, we present trigonometric blending functions with shape parameters; without solving a linear system, these blending functions can be applied to construct continuous shape preserving local interpolation trigonometric spline curves with local shape parameters.
Recently in [6] we used tensor-product for surfaces interpolation, we would like to generalize this technique for sphere like-surfaces. Let S be a closed and bounded surface in R 3 which is topologically equivalent to a unit sphere. Given a set of scattered points P 1 , ..., P s located on S, along with data values r 1 , ..., r s corresponding to these points. In many practical applications, we wish to find a smooth function F defined on S which interpolates or approximates the given data set so that its associated closed surface S F := {F (s)s, s ∈ S} be of class C 1 on S. A very popular method for fitting gridded data is to use tensor-products because of their computational simplicity and their many attractive geometric properties. In this paper, we suppose that S is the unit sphere centered at the origin. Let I = [0, ], by using spherical coordinates we can identify the sphere S with the rectangle R := I × J by the mapping
Now since the problem is defined on a rectangle R we can use the tensorproduct methods. This approach has been studied in several papers with various choices of basic functions see, for instance, [2, 13] and references therein. More specifically, Schumaker and Traas [13] have chosen the periodic trigonometric B-splines of order three and the quadratic polynomial B-splines. Recently, another approach was proposed in [2] and [4] using 2π-periodic uniform algebraic trigonometric B-splines (UAT B-splines) of order four generated over the space spanned by {1, t, cos(t), sin(t)} and the cubic polynomial B-splines. All these methods use quasi-interpolants or approximants while our thechnique interpolates the data in a local way and gives a good shape visulisation. The remainder of this paper is organized as follows. In section 2, the expression of the generalized trigonometric polynomial blending functions are described and the properties of these functions are discussed. Trigonometric Bzier curves are constructed in this section. In section 3, the trigonometric parametric curve segments as well as the trigonometric polynomial interpolation are discussed. In section 4, several numerical examples are presented in which open and closed trigonometric curves are described. We end this section by constructing tensor product trigonometric polynomial B-surfaces just like B-spline surfaces. A brief conclusion is given in section 5.
Trigonometric polynomial curves with shape parameter
In this section, we will define the trigonometric polynomial blending functions with shape parameter β and the corresponding trigonometric Bézier curves.
Trigonometric basis functions
Let β > 0 be an arbitrarily fixed parameter. We will produce trigonometric polynomial curves, that are described by means of the combination of control points and basis functions, therefore we need a proper basis in the space of trigonometric polynomials C n,β = {1, cos(2βt), . . . , cos(2βnt)}. We will use a transformed version of the basis specified in Pea [9] . Let B n,β = B n 0,β , . . . , B n n,β be the system of functions given by
Each trigonometric polynomial function B n−1 i,β (t) of order n − 1 can be expressed as a linear combination of trigonometric polynomial function B n i,β (t) of order n. More precisely we have:
Theorem 2.1 The family B n,β forms a basis for the space C n,β .
Proof Let us prove this by induction on n.
For n = 0, this case is trivial because the family C 0,β = {1} and we have only B i,β (t), i = 0, . . . , n form a basis for the space C n,β . It is easy to see that Dim(C n,β ) = n + 1 (because cos(2βkt), k = 0, . . . , n are linearly independent) and since B n i,β (t), i = 0, . . . , n contains n + 1 elements. So it suffices to show that the latter is a generating family. From the induction hypothesis, we have for all k = 0, . . . , n − 1, cos(2βkt) can be written as a linear combination of B n−1 i,β (t), i = 0, . . . , n − 1. On the other hand, by using the formula (5), cos(2βkt) can also be written as a linear combination of B According to Moivre 's formula, we have for any real number t and for any integer on n:
(cos t + i sin t) n = cos(nt) + i sin(nt) .
Thus,
So, cos(2βnt) represents the real part of the complex number
Hence the result.
The following result shows that B n,β gives the optimal shape preserving representation of C n,β .
Therefore, B n,β is normalized. B n,β is equivalent to the Bernstein basis on [0, 1] by the transformation x = sin 2 (βt). Consequently, B n,β possess the following properties analogous to those of the Bernstein basis: ] and β > 1 we observed that the blending functions start to duplicate as a function of the tension parameter value. So, we included the tension parameter in the interval to become t ∈ [0, ] satisfy:
Partition of unity :
Proof From (4), we get
Trigonometric Curves of Order n
is called a trigonometric polynomialBézier curve of order n with a global shape parameter.
From the properties of the trigonometric basis functions (4), some properties of the trigonometric Bzier curve (7) can be obtained as follows.
1. Endpoint interpolation property: with a simple computation, we have:
3. Geometric invariance: since the blending functions have the properties of partition of unity, the shape of these trigonometric Bézier curves is independent of the choice of coordinates.
4. Convex hull property: the blending functions have the properties of nonnegativity and partition of unity, as a consequence, the entire trigonometric Bzier curve segment must lie inside the control polygon spanned by V 0 , . . . , V n .
5. Variation diminishing property : no straight line intersects a Bézier curve more times than it intersects its control polygon.
6. Convexity-preserving property: the variation diminishing property means the convexity preserving property holds. Now we shall provide a de Casteljau-type algorithm for the evaluation of the curve B β (t). If the V 0 , . . . , V n points in R 2 or R 3 , are given and t ∈ [0,
π 2β ] let us define the points
where B 0 (left: n = 5) and (right: n = 7).
Interpolating trigonometric spline curve
Our objective is to generalize the Overhauser spline curve by solving the following interpolation problem. Given the sequence of data points {P i } m i=0
with associated parameter values u 1 < u 2 < · · · < u m−1 . Find the control points of a trigonometric spline curve that interpolates the given data points and that consists of arcs of type (7). 
Trigonometric Parametric Curve Segments
We are going to describe an interpolation scheme that is based on curve blending, therefore first of all we specify an appropriate blending function, then we show an essential continuity property of the resulted blended curve.
Given the interpolation points P i , i = 0, 1, . . . ,
and the trigonometric Bzier control points V i , i = 0, . . . , n. We propose the following endpoints requirements.
If n = 4k + 1, we have
If n = 4k − 1, we have
where α 1 , α 2 ∈ [0, +∞[ are shape parameters. We noted that these end points requirements are analogous to those given in [17] . Define
for n = 4k + 1, and
B n n−1,β (t).
for n = 4k − 1. The rest of T B i,β (t, α 1 , α 2 ) are null. Using equations (10), (11) and the blending functions, the curve segment can be generated as follows ], we have
proof Let
From (14) and (15), we have
Then, we have
Furthermore, we get
. .
According to (16) and using (10) and (11), we deduce that T B j,β (t, α 1 , α 2 ) can be written in the form (12) and (13).
, verify the partition of unity: ] and i = 1, . . . , m − 2, the i th trigonometric parametric curve segment is given as a function of φ j,β , j = 0, 1, 2, 3, by the following expression:
Trigonometric parametric spline curves
if n = 4k + 1,
The corresponding trigonometric parametric spline curve, composed by all of the trigonometric parametric curve segments are defined as follows:
where ∆u i = u i+1 − u i .
Theorem 3.3
The curve (19) has 2nd geometric continuity, i.e., it is a GC 2 continuous curve.
Proof Without loss of generality we may put n = 4k + 1, for i = 1, · · · , m − 1, we have
As described in [17] , P β (u) interpolates the interpolation points P i , i = 0, ..., m. As an example, adding two control interpolation points P −1 , P m+1 , two knots u 0 , u m , and two shape parameters α 0 , α m are sufficient to construct an open curve P β (u) interpolating all of the points P i , i = 0, . . . , m. Closed Bézier curves are generated by specifying the first and the last control points at the same position. For constructing a closed curve P β (u) interpolating all of the points P i , i = 0, . . . , m, we have to add three interpolation points P −1 = P m , P m+1 = P 0 , P m+2 = P 1 three knots u 0 , u m , u m+1 and three shape parameters α 0 , α m , α m+1 .
Trigonometric parametric spline surfaces
In this section, we apply the trigonometric parametric spline to a set of data points on a rectangular grid for surface interpolation using the well-known tensor product form. A surface may be defined by the tensor product of two curves so that the properties of the blending functions are not modified. Whereas a curve requires one tension parameter for its definition, a surface requires two tension parameters β > 0 and λ > 0. Similarly to the work done by Liu et al. (see [7] ), we define trigonometric parametric spline surfaces as a tensor product. More precisely we have the following definition. For tension parameters β > 0 and λ > 0, the trigonometric parametric spline surface patch has the form :
where u ∈ [0,
Then the trigonometric parametric spline surface is given by,
Trigonometric parametric spherical spline surfaces
Let S be a sphere-like surface, i.e. a closed and bounded surface in R 3 which is topologically equivalent to a unit sphere. Given a set of scattered points P 1 , . . . , P s located on S, along with data values r 1 ,. . . ,r s corresponding to these points. In many practical applications, we wish to find a smooth function F defined on S which interpolates or approximates the given data set. A very popular method for fitting gridded data is to use tensor-products. It is possible to reduce the approximation of a function defined on S to the approximation of a function defined on [0,
], but when using this approach, some periodicity conditions should be satisfied. Without loss of generality, we suppose that S is the unit sphere centered at the origin. Let I = [0,
]. By using spherical coordinates we can identify the sphere S with the rectangle R := I × J by the mapping
Hence, to construct the function F , it suffices to find a function f := F oχ :
where (θ i , φ i ) are the polar coordinates of P i .
To make sure that a continuous function f defined on the rectangle R remains continuous after mapping it onto S, it is necessary that f satisfies the following conditions [10] :
Now since the problem is defined on a rectangle we can use the results of the previous section. More precisely, let r × s be the interpolation points P i,j = (θ ij , φ ij ) 0≤i,j≤r−1,s−1 . For constructing a spherical spline S β,λ interpolating all of the points P i,j = (θ ij , φ ij ) 0≤i,j≤r−1,s−1 and satisfies the conditions (23), we have to add three interpolation vectors P −1,j = P r−1,j , P r,j = P 0,j , P r+1,j = P 1,j and we take P −1,0 = P 0,0 = . . . = P r+1,0 , P −1,s−1 = P 0,s−1 = . . . = P r+1,s−1 .
Numerical Examples and Application
In order to justify the accuracy and efficiency of our presented trigonometric functions we consider some graphical examples.
Interpolation Spline Curves and surfaces
B-spline functions have a wide range of applications, the properties of Bspline functions mentioned above can be useful in solving some problems related to approximation theory, numerical analysis or computer graphics, for example representation of splines. In order to illustrate the performance and the practical value of this model, we will represent some curves and surfaces so that we can justify the accuracy and efficiency of our presented trigonometric functions. In order to do so we will present some modeling examples. Figures 4, 5, 6 and ?? show open trigonometric polynomial planar curves generated by using the shape preserving trigonometric interpolation spline curves given in this paper. The plots of the given examples, for the same control polygon, are obtained for different values of β and α. It can be seen that the space curve preserve nice feature for the space interpolation points. Figures ??, 7 and 8 show closed trigonometric polynomial curves generated by using the shape preserving trigonometric interpolation spline curves, obtained for different values of β and α. Trigonometric polynomial B-spline model is a powerful tool for constructing free-form curves and surfaces in CAGD. We can construct tensor product trigonometric polynomial B-surfaces just like Bspline surfaces; the graph control polygon and the trigonometric parametric interpolation spline surface, for different values of the tension parameters β, λ, α and µ, are illustrated in figures 9, 10, 11 and 12. Note that, for each illustration example we took the following :
, α i = α and µ i = µ, ∀ i. The values of α, β, λ and µ are given in the figure captions. 
Conclusion
The trigonometric polynomial blending functions constructed in this paper have the properties analogous to those of the quintic Bernstein basis functions and the trigonometric Bézier curves are also analogous to the quintic Bézier ones. In this basis we included the tension parameter which is mainly important for object visualization. The trigonometric Bézier curves are close to the control polygon. Therefore, these trigonometric Bézier curves can preserve the shape of the control polygon. For any shape parameters satisfying the shape preserving conditions, the obtained shape preserving trigonometric interpolation spline curves are all continuous. There is no need to solve a linear system and the changes of a local shape parameter will only affect two curve segments. Numerical examples indicate that our method can be applied to generate nice features preserving space curves and surfaces. Generalizing the idea to quasi-interpolation with trigonometric spline curve and tensor product surfaces will be reported in a future paper.
